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✶✳ ❚②♣❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ✐tér❛t✐✈❡

▲❛ ♠ét❤♦❞❡ ✐tér❛t✐✈❡ ét✉❞✐é❡ ♥é❝❡ss✐t❡ ✉♥✐q✉❡♠❡♥t ❞❡s é✈❛❧✉❛t✐♦♥s ❞❡ f ❡t ❞❡ f ′ ❛✉① ♣♦✐♥ts x ❡t

y(x) = x− f(x)

f ′(x)
✱ ✐❧ s✬❛❣✐t ❞♦♥❝ ❞✬✉♥❡ ♠ét❤♦❞❡ à ❞❡✉① ♣♦✐♥ts s❛♥s ♠é♠♦✐r❡✳

❖♥ ♣♦s❡ ♣♦✉r k ∈ {2, 3, 4}

ck =
1

k!

f (k)(x∗)

f ′(x∗)

s♦✐t

c2 =
1

2

f ′′(x∗)

f ′(x∗)
, c3 =

1

6

f ′′′(x∗)

f ′(x∗)
, c4 =

1

4!

f (4)(x∗)

f ′(x∗)

✷✳ ❊①♣r❡ss✐♦♥ ❞❡
f(x∗ + h)

f ′(x∗ + h)
❡t ❞❡ A

f ét❛♥t ❞❡ ❝❧❛ss❡ C4 s✉r U ✱ ♦♥ ♣❡✉t é❝r✐r❡ ❧❡s ❞é✈❡❧♦♣♣❡♠❡♥ts s✉✐✈❛♥ts

f(x∗+h) = hf ′(x∗)+
h2

2
f ′′(x∗)+

h3

3!
f ′′′(x∗)+

h4

4!
f (4)(x∗)+o(h4) = hf ′(x∗)

(

1+c2h+c3h
2+c4h

3+o(h3)
)

❡t

f ′(x∗+h) = f ′(x∗)+hf ′′(x∗)+
h2

2
f ′′′(x∗)+

h3

3!
f (4)(x∗)+o(h4) = f ′(x∗)

(

1+2c2h+3c3h
2+4c4h

3+o(h3)
)

❖♥ ❡♥ ❞é❞✉✐t

f(x∗ + h)

f ′(x∗ + h)
= h

1 + c2h+ c3h
2 + c4h

3 + o(h3)

1 + 2c2h+ 3c3h2 + 4c4h3 + o(h3)

= h
(

1 + c2h+ c3h
2 + c4h

3 + o(h3)
)(

1− 2c2h− 3c3h
2 − 4c4h

3 + (2c2h+ 3c3h
2)

2 − 8c2
3h3 + o(h3)

)

= h
(

1 + c2h+ c3h
2 + c4h

3 + o(h3)
)(

1− 2c2h− 3c3h
2 + 4c22h

2 − 4c4h
3 − 8c32h

3 + 12c2c3h
3 + o(h3)

)

= h
(

1− c2h+Ah2 +Bh3 + o(h3)
)

❛✈❡❝
A = c3 − 2c22 − 3c3 + 4c22 = 2(c22 − c3)

❡t
B = −3c4 − 4c32 + 7c2c3

◆❇ ✿ ■❧ ♥✬❡st ♥✉❧❧❡♠❡♥t ❞❡♠❛♥❞é ❞❡ ❝❛❧❝✉❧❡r B✳ ❖♥ ✈❡rr❛ ♣❛r ❧❛ s✉✐t❡ q✉❡ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧✬❡①♣r❡ss✐♦♥
❡①♣❧✐❝✐t❡ ❞❡ B ♥✬❡st ♣❛s ✉t✐❧❡✳

✶



✸✳ ❉é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❞❡ f(y(x∗ + h)) à ❧✬♦r❞r❡ ✹

f
(

y(x∗ + h)
)

= f

(

x∗ + h− f(x∗ + h)

f ′(x∗ + h)

)

= f
(

x∗ + h− h+ c2h
2 −Ah3 −Bh4 + o(h4)

)

= f
(

x∗ + c2h
2 −Ah3 −Bh4 + o(h4)

)

=
(

c2h
2 −Ah3 −Bh4

)

f ′(x∗) +

(

c2h
2 −Ah3 −Bh4

)2

2!
f ′′(x∗) + o(h4)

= c2f
′(x∗)h2 −Af ′(x∗)h3 +

(c22
2
f ′′(x∗)−Bf ′(x∗)

)

h4 + o(h4)

= f ′(x∗)
(

c2h
2 −Ah3 + (c32 −B)h4

)

+ o(h4)

= f ′(x∗)h2
(

c2 −Ah+ (c32 −B)h2 + o(h2)
)

✹✳ ❉é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❞❡ D = 2f(y(x∗ + h))− f(x∗ + h) à ❧✬♦r❞r❡ ✹

❖♥ ❡♥ ❞é❞✉✐t ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❞❡ D

D = 2f(y(x∗ + h))− f(x∗ + h)

= 2f ′(x∗)
(

c2h
2 −Ah3 + (c32 −B)h4

)

− f ′(x∗)
(

h+ c2h
2 + c3h

3 + c4h
4
)

+ o(h4)

= f ′(x∗)
(

− h+ c2h
2 − (2A+ c3)h

3 + (2c32 − 2B − c4)h
4
)

+ o(h4)

= −f ′(x∗)h
(

1− c2h+ (2A+ c3)h
2 − (2c32 − 2B − c4)h

3 + o(h3)
)

✺✳ ❉é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❞✉ q✉♦t✐❡♥t à ❧✬♦r❞r❡ ✹

❖♥ ❝❤❡r❝❤❡ à ❝❛❧❝✉❧❡r ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❞❡ Q =
N

D
❛✈❡❝ N =

(

y(x∗ +h)− (x∗ +h)
)

f
(

y(x∗ +h)
)

y(x∗ + h)− (x∗ + h) = − f(x∗ + h)

f ′(x∗ + h)
= −h

(

1− c2h+Ah2 +Bh3 + o(h3)
)

= −h
(

1− c2h+Ah2 + o(h2)
)

N = −f ′(x∗)h3

[

(

1− c2h+Ah2 + o(h2)
)(

c2 −Ah+ (c32 −B)h2 + o(h2)
)

]

= −f ′(x∗)h3

(

c2 −Ah+ (c32 −B)h2 − c22h+Ac2h
2 +Ac2h

2 + o(h2)

)

= −f ′(x∗)h3

(

c2 − (A+ c22)h+ (c32 + 2Ac2 −B)h2

)

+ o(h5)

❞✬♦ù

Q =
N

D
=

−f ′(x∗)h3

−f ′(x∗)h
× c2 − (A+ c22)h+ (c32 + 2Ac2 −B)h2 + o(h2)

1− c2h+ (2A+ c3)h2 + o(h2)

= h2

(

c2 − (A+ c22)h+ (c32 + 2Ac2 −B)h2 + o(h2)

)(

1 + c2h− (2A+ c3)h
2 + c22h

2 + o(h2)

)

= h2

(

c2 + c22h− (2A+ c3)c2h
2 + c32h

2 − (A+ c22)h− (A+ c22)c2h
2 + (c32 + 2Ac2 −B)h2 + o(h2)

)

= h2

(

c2 −Ah+ h2(−2Ac2 − c3c2 + c32 −Ac2 − c32 + c32 + 2Ac2 −B) + o(h2)

)

= h2

(

c2 −Ah+ h2(c32 − c3c2 −Ac2 −B) + o(h2)

)

= c2h
2 −Ah3 + (c32 − c3c2 −Ac2 −B)h4 + o(h4)

✷



✻✳ ❉é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❞❡ F (x∗ + h) à ❧✬♦r❞r❡ ✹

❖♥ ❡♥ ❞é❞✉✐t

F (x∗ + h) = x∗ + h− h+ c2h
2 −Ah3 −Bh4 − c2h

2 +Ah3 +Bh4 +Ac2h
4 + c3c2h

4
c − 23h4 + o(h4)

= x∗ + c2h
4
(

A+ c3 − c− 22
)

+ o(h4) avec A = 2
(

c22 − c3

)

= x∗ + c2

(

c22 − c3

)

h4 + o(h4)

▲❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❞❡ F ❡♥ x∗ ♥❡ ❝♦♠♣♦rt❛♥t ♣❛s ❞❡ t❡r♠❡s ❞✉ ♣r❡♠✐❡r ♦r❞r❡✱ x∗ ❡st ✉♥ ♣♦✐♥t
❤②♣❡r❛ttr❛❝t✐❢ ❞❡ ❧❛ ♠ét❤♦❞❡ ✐tér❛t✐✈❡ ❞♦♥♥é❡ ♣❛r F ❡t ❧❛ ♠ét❤♦❞❡ ❡st ❜✐❡♥ é✈✐❞❡♠♠❡♥t ❝♦♥✈❡r❣❡♥t❡✳

✼✳ ❊t✉❞❡ ❞❡ ❧✬♦r❞r❡ ❡t ❞❡ ❧✬✐♥❞✐❝❡ ❞✬❡✣❝❛❝✐té ❞❡ ❧❛ ♠ét❤♦❞❡ ✐tér❛t✐✈❡ F

▲❛ ♠ét❤♦❞❡ ❡st ❞✬♦r❞r❡ ✹ s✐ c2 6= 0 ❡t c22 − c3 6= 0 ❝❛❞ s✐ f ′′(x∗) 6= 0 ❡t
1

4

(

f ′′(x∗)

f ′(x∗)

)2

6= 1

6

f ′′′(x∗)

f ′(x∗)
s♦✐t ✭♦♥ r❛♣♣❡❧❧❡ q✉❡ f ′(x∗) 6= 0✱ x∗ ét❛♥t ✉♥ ③ér♦ s✐♠♣❧❡ ❞❡ f✮

f ′′(x∗) 6= 0 et

(

f ′′(x∗)

)2

6= 2

3
f ′′′(x∗)f ′(x∗)

▲✬✐♥❞✐❝❡ ❞✬❡✣❝❛❝✐té I ❞❡ ❧❛ ♠ét❤♦❞❡ ✈❛✉t I = ρ
1
σ ♦ù ρ ❞és✐❣♥❡ ❧✬♦r❞r❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ✭✹ ❞❛♥s ♥♦tr❡ ❝❛s✮ ❡t

σ ❧❡ ♥♦♠❜r❡ ❞✬é✈❛❧✉❛t✐♦♥s ❞❡ ❢♦♥❝t✐♦♥ ♣❛r ✐tér❛t✐♦♥s s♦✐t ✸ ❞❛♥s ♥♦tr❡ ❝❛s ✭f ❡♥ x✱ f ′ ❡♥ x ❡t f ❡♥ y(x)✮✳
❖♥ ❡♥ ❞é❞✉✐t

I =
3
√
4 et ρopt = 2σ−1 = 22 = 4 = ρ

▲❛ ♠ét❤♦❞❡ ét✉❞✐é❡ ❡st ❞✐t❡ ♦♣t✐♠❛❧❡✳

❊❳❊❘❈■❈❊ ■■

Pré❛♠❜✉❧❡

✶✳ ❡t ✷✳ ❊t✉❞❡ ❞❡ ❧❛ ❢♦r♠✉❧❡ ❞❡ q✉❛❞r❛t✉r❡

❙♦✐t u(x) ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré ✐♥❢ér✐❡✉r à ❞❡✉①✱ u s✬é❝r✐t s♦✉s ❧❛ ❢♦r♠❡ u(x) = ax2 + bx+ c ❛✈❡❝ a✱ b✱c
ré❡❧s✳

∫ 1

0

u(x)dx =

∫ 1

0

(ax2 + bx+ c) dx =
a

3
+

b

2
+ c

❡t
αu(0) + βu(γ) = αc+ βγ2a+ βγb+ βc

P♦✉r q✉❡ ❧✬é❣❛❧✐té
∫ 1

0
u(x)dx = αu(0) + βu(γ) s♦✐t ré❛❧✐sé❡ ♣♦✉r t♦✉t ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré ✐♥❢ér✐❡✉r ♦✉ é❣❛❧

à ❞❡✉①✱ ✐❧ ❢❛✉t q✉❡

∀(a, b, c) ∈ IR3,
a

3
+

b

2
+ c = αc+ βγ2a+ βγb+ βc

❝❡ q✉✐ ❞♦♥♥❡ ♣❛r ✐❞❡♥t✐✜❝❛t✐♦♥ ❧❡ s②stè♠❡ s✉✐✈❛♥t















βγ2 =
1

3

βγ =
1

2
α+ β = 1

❈❡ s②stè♠❡ ❛❞♠❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (α, β, γ) =

(

1

4
,
3

4
,
2

3

)

✸✳ Pr❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥

y(xn+1) = y(xn) +

∫ xn+1

xn

y′(x)dx

❊♥ ❡✛❡❝t✉❛♥t ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ x = xn + thn✱ ♦♥ ♦❜t✐❡♥t

y(xn+1) = y(xn) + hn

∫ 1

0

y′(xn + thn)dt

✸



s♦✐t✱ ❡♥ ✉t✐❧✐s❛♥t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♣ré❝é❞❡♥t❡ ♣♦✉r g = y′

y(xn+1) ≈ y(xn) + hn

[

1

4
y′(xn) +

3

4
y′(xn +

2

3
hn)

]

s♦✐t

y(xn+1) ≈ y(xn) + hn

[

1

4
f
(

xn, y(xn)
)

+
3

4
f
(

xn +
2

3
hn, y(xn +

2

3
hn)
)

]

✹✳ ❙❡❝♦♥❞❡ ❛♣♣r♦①✐♠❛t✐♦♥

❙✐ ♦♥ ❝♦♥s✐❞èr❡ ❡♥ ♣❧✉s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ♣r❡♠✐❡r ♦r❞r❡

y
(

xn +
2

3
hn

)

≈ y(xn) +
2

3
hny

′(xn) ≈ y(xn) +
2

3
hnf

(

xn, y(xn)
)

❖♥ ♦❜t✐❡♥t ❜✐❡♥ ❧❡ s❝❤é♠❛ ❛ss♦❝✐é à ❧❛ ❢♦♥❝t✐♦♥ Φ ❞é✜♥✐❡ ♣❛r

Φ(x, y, h) =
1

4
f(x, y) +

3

4
f
(

x+
2

3
h, y +

2

3
hf(x, y)

)

✺✳ ❈♦♥✈❡r❣❡♥❝❡ ❞✉ s❝❤é♠❛

▲❡ s❝❤é♠❛ ❡st ❝♦♥✈❡r❣❡♥t s✬✐❧ ❡st ❝♦♥s✐st❛♥t ❡t st❛❜❧❡✳
❈♦♥s✐st❛♥❝❡

Φ(x, y, 0) =
1

4
f(x, y) +

3

4
f(x, y) = f(x, y)

❙t❛❜✐❧✐té ✿ ♦♥ ✉t✐❧✐s❡ ❧❡ ❢❛✐t q✉❡ f ❡st L✲❧✐♣s❝❤✐t③✐❡♥♥❡ ♣❛r r❛♣♣♦rt à s❛ s❡❝♦♥❞❡ ✈❛r✐❛❜❧❡✳ ❖♥ ❝❛❧❝✉❧❡

∣

∣

∣
Φ(x, y1, h)− Φ(x, y2, h)

∣

∣

∣
=

∣

∣

∣

∣

∣

1

4
f(x, y1) +

3

4
f
(

x+
2

3
h, y1 +

2

3
hf(x, y1)

)

− 1

4
f(x, y2)−

3

4
f
(

x+
2

3
h, y2 +

2

3
hf(x, y2)

)

∣

∣

∣

∣

∣

≤ 1

4

∣

∣

∣
f(x, y1)− f(x, y2)

∣

∣

∣
+

3

4

∣

∣

∣

∣

∣

f
(

x+
2

3
h, y1 +

2

3
hf(x, y1)

)

− f
(

x+
2

3
h, y2 +

2

3
hf(x, y2)

)

∣

∣

∣

∣

∣

≤ L

4

∣

∣y1 − y2
∣

∣+
3L

4

∣

∣

∣

∣

∣

(

y1 +
2

3
hf(x, y1)

)

−
(

y2 +
2

3
hf(x, y2)

)

∣

∣

∣

∣

∣

≤ L

4

∣

∣y1 − y2
∣

∣+
3L

4

∣

∣y1 − y2
∣

∣+
3L

4

∣

∣

∣

∣

∣

2

3
h
(

f(x, y1)− f(x, y2)
)

∣

∣

∣

∣

∣

≤ L
∣

∣y1 − y2
∣

∣+
HL

2

∣

∣

∣
f(x, y1)− f(x, y2)

∣

∣

∣

≤ L
∣

∣y1 − y2
∣

∣+
HL2

2

∣

∣y1 − y2
∣

∣

≤
(

L+
HL2

2

)

∣

∣y1 − y2
∣

∣

✻✳ ❡t ✼✳ ❖r❞r❡ ❞✉ s❝❤é♠❛

❖♥ r❛♣♣❡❧❧❡ q✉❡ s✐ f ❡st ❞❡✉① ❢♦✐s ❝♦♥t✐♥✉❡♠❡♥t ❞ér✐✈❛❜❧❡ ❞❛♥s [x0, X] × R ❡t s✐ Φ✱
∂Φ

∂h
❡t

∂2Φ

∂h2
❡①✐st❡♥t

❡t s♦♥t ❝♦♥t✐♥✉❡s ❞❛♥s [x0, X]× R× [0, H] ❛❧♦rs ❧❡ s❝❤é♠❛ ❡st ❛✉ ♠♦✐♥s ❞✬♦r❞r❡ ✷ s✐ ❡t s❡✉❧❡♠❡♥t s✐







Φ(x, y, 0) = f(x, y)
∂Φ

∂h
(x, y, 0) =

1

2

(

∂f

∂x
(x, y) + f(x, y)

∂f

∂y
(x, y)

)

=
1

2
f [1](x, y)

❡t ❡①❛❝t❡♠❡♥t ❞✬♦r❞r❡ ✷ s✐ ❞❡ ♣❧✉s

∂2Φ

∂h2
(x, y, 0) 6= 1

3

(

∂f [1]

∂x
(x, y) + f(x, y)

∂f [1]

∂y
(x, y)

)

P♦✉r ❧❡ s❝❤é♠❛ ét✉❞✐é✱ ♦♥ ♦❜t✐❡♥t

Φ(x, y, 0) =
1

4
f(x, y) +

3

4
f(x, y) = f(x, y)

✹



∂Φ

∂h
(x, y, h) =

3

4
× 2

3

∂f

∂x

(

x+
2

3
h, y+

2

3
hf(x, y)

)

+
3

4
× 2

3

∂f

∂y

(

x+
2

3
h, y+

2

3
hf(x, y)

)

f
(

x+
2

3
h, y+

2

3
hf(x, y)

)

s♦✐t ❡♥ h = 0
∂Φ

∂h
(x, y, 0) =

1

2

(

∂f

∂x
(x, y) + f(x, y)

∂f

∂y
(x, y)

)

=
1

2
f [1](x, y)

▲❛ ♠ét❤♦❞❡ ❡st ❞♦♥❝ ❛✉ ♠♦✐♥s ❞✬♦r❞r❡ ✷✳ P♦✉r ♠♦♥tr❡r q✉✬❡❧❧❡ ♥✬❡st ♣❛s ❞✬♦r❞r❡ ✸ ❡♥ ❣é♥ér❛❧✱ ✐❧ s✉✣t ❞❡
tr♦✉✈❡r ✉♥❡ ❢♦♥❝t✐♦♥ f ♣♦✉r ❧❛q✉❡❧❧❡ ❧✬♦r❞r❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ♥✬❡st q✉❡ ✷✳
❖♥ ♣r❡♥❞ f(x, y) = x+ y

❛❧♦rs
f [1](x, y) = 1 + (x+ y)× 1 = 1 + x+ y

❡t
f [2](x, y) = 1 + (x+ y)× 1 = 1 + x+ y

❡t
∀n ∈ IN∗, f [n](x, y) = 1 + x+ y

Φ(x, y, h) =
1

4
(x+ y) +

3

4

[

x+
2

3
h+ y +

2

3
h(x+ y)

]

= x+ y +
h

2
(1 + x+ y)

❆❧♦rs
∂Φ

∂h
(x, y, h) =

1

2
(1 + x+ y) ❡t

∂2Φ

∂h2
(x, y, h) = 0 ✿ ❧❛ ♠ét❤♦❞❡ ♥✬❡st ❞♦♥❝ ♣❛s ❞✬♦r❞r❡ ✸✳

✽✳ ❚❛❜❧❡❛✉ ❞❡ ❇✉t❝❤❡r

■❧ s✬❛❣✐t ❛ ♣r✐♦r✐ ❞✬✉♥❡ ♠ét❤♦❞❡ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❡①♣❧✐❝✐t❡ à ❞❡✉① ét❛❣❡s✳ ❙♦♥ t❛❜❧❡❛✉ ❞❡ ❇✉t❝❤❡r ❡st ❞❡
❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡

c1 0 0
c2 a21 0

b1 b2

xn,1 = xn + c1h

xn,2 = xn + c2h

yn,1 = yn

yn,2 = yn + hna21f(xn,1, yn,1) = yn + hna21f(xn + c1h, yn)

yn+1 = yn + hn

(

b1f(xn,1, yn,1) + b2f(xn,2, yn,2)
)

= yn + hnΦ(xn, yn, hn)

❉♦♥❝

Φ(x, y, h) = b1f(x+ c1h, y) + b2f
(

x+ c2h, y + a21hf(x+ c1h, y)
)

=
1

4
f(x, y) +

3

4
f
(

x+
2

3
h, y +

2

3
hf(x, y)

)

❊t ♣❛r ✐❞❡♥t✐✜❝❛t✐♦♥ b1 =
1

4
✱ b2 =

3

4
✱ c1 = 0✱ c2 =

2

3
❡t a21 =

2

3
✳

❈❡ q✉✐ ❞♦♥♥❡ ❧❡ t❛❜❧❡❛✉ ❞❡ ❇✉t❝❤❡r s✉✐✈❛♥t

0 0 0
2

3

2

3
0

1

4

3

4

✺


